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1. DUAL SPACE OF /P
Let us discuss the dual space of ¢P.

Example 1 ((/7)* = (7). Let 1 < p < oo, for given y € ¢9, define T}, : /7 — R by
(oo}

Ty(x) = Zx(z)y(z), Vo € P,
i=1
Then T : y — T, is an isometric isomorphism of the Banach space ¢¢ onto the dual
of 7, where £ +1 =1.
p q
Proof. We define the pairing for z € /P and y € (9, where % + % =1,

oo

(@,y) =Y x(i)y(i).

i=1
This expression is well-defined. Indeed, by the Holder’s inequality,

[(z,y)| < Z [2(@)y(@)] < llzllpllylly < oo

Therefore for any fixed y € £9, we can define the a linear continuous functional
fy 0P =R,
x = {(x,y).
Hence f, € (¢?)*. Furthermore, we define the map
T : 09 —(P)",
Y=ty
We claim that 7" is an isomorphism, i.e. 7" is a linear bijection such that
1T () |l(ery- = llyllq- (isometric mapping)
Since for arbitrary x € /P and A, A2 € R, y1,y2 € £9,
Paiyrtrey: (@) =(@, Miyn + Aoy2) = Az, 1) + Ao (,y2) = A fy, (%) + Ao fy, (2),
which implies
T(My1 + A2y2) = MT(y1) + AT (y2).

Therefore T is linear.
To prove T is injective, suppose f, = 0, then for arbitrary = € ¢7,

<£U, y> = 07
we take z = e;, where ¢;(i) = d;;, 0;; is the Kronecker delta function, therefore

<eiay> = y(Z) = 07
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which implies y = 0, therefore T is injective.
To prove T is surjective, let f € (¢P)*, if f = 0, then by taking y = 0, we have

f = fo. For f # 0, we define y; as
ys(i) = f(ed).
We claim that y; € (7 and f = f,,.
Indeed, for p = 1, ¢ = oo, for arbitrary n € N,

lys ()] < |F(en)l < 1 llery= - llenll = 1 fllcery-
therefore y; € £°°with [Jy¢|[¢e < || f][(¢1)«. Moreover, by the definition, for arbitrary

x €l
fl@)=7r <Zx(i)€i> =Y w(@)fle) = Y w(@)ys(i) = (,yy),
i=1 i=1 i=1

which implies f = f,,, and
@) < [z, y0)] < lzll1llyslloo

implies [[f|[(e1)« < llyflloc, therefore [[yflloc = [[f]/(e1)~-
For 1 < p,q < oo, and arbitrary m € N, we take

~lyr)| " sgn(yy) ,n < m,
m(n) = 0 n>m

then z,, € 7, indeed,

[mllp = (Z Izm(n)l”> = (Z ny(n)|q> < oo.

n=1
Therefore on the one hand,

F(@m) = (@msyp) = Y @m(n)yp(n) = Y lys(n)%,

n=1

on the other hand,
aq
[f@m)l < W ll@erys - Nlemllp < [ lewy- - llyslla s
therefore by letting m goes to infinity,
aq
lysllg < 1 lleey= - Mlyslla s

which implies
1Ysllq < 1 lery~

therefore y; € €9 with |lys|lq < ||fl/(¢r)-- Moreover, by the definition, for arbitrary

T € LP,

f@)=f <Zx<z‘)ei> =3 a(i)f(er) =Y a(i)ys(i) = (z,yy),

=1

which implies f = f,,, and
[F@)] < [z ypl < llzllpllyslla:

implies |[f[[(er)+ < llyyllg, therefore [lys(lq = [[fll(er)~-
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