
TUTORIAL NOTES FOR MATH4010

JUNHAO ZHANG

1. dual space of ℓp

Let us discuss the dual space of ℓp.

Example 1 ((ℓp)∗ = ℓq). Let 1 ≤ p < ∞, for given y ∈ ℓq, de�ne Ty : ℓp → R by

Ty(x) =

∞∑
i=1

x(i)y(i), ∀x ∈ ℓp,

Then T : y 7→ Ty is an isometric isomorphism of the Banach space ℓq onto the dual
of ℓp, where 1

p + 1
q = 1.

Proof. We de�ne the pairing for x ∈ ℓp and y ∈ ℓq, where 1
p + 1

q = 1,

⟨x, y⟩ :=
∞∑
i=1

x(i)y(i).

This expression is well-de�ned. Indeed, by the Hölder's inequality,

|⟨x, y⟩| ≤
∞∑
i=1

|x(i)y(i)| ≤ ∥x∥p∥y∥q < ∞.

Therefore for any �xed y ∈ ℓq, we can de�ne the a linear continuous functional

fy : ℓp →R,
x 7→⟨x, y⟩.

Hence fy ∈ (ℓp)∗. Furthermore, we de�ne the map

T : ℓq →(ℓp)∗,

y 7→fy.

We claim that T is an isomorphism, i.e. T is a linear bijection such that

∥T (y)∥(ℓp)∗ = ∥y∥q. (isometric mapping)

Since for arbitrary x ∈ ℓp and λ1, λ2 ∈ R, y1, y2 ∈ ℓq,

fλ1y1+λ2y2(x) =⟨x, λ1y1 + λ2y2⟩ = λ1⟨x, y1⟩+ λ2⟨x, y2⟩ = λ1fy1(x) + λ2fy2(x),

which implies
T (λ1y1 + λ2y2) = λ1T (y1) + λ2T (y2).

Therefore T is linear.
To prove T is injective, suppose fy = 0, then for arbitrary x ∈ ℓp,

⟨x, y⟩ = 0,

we take x = ei, where ei(i) = δij , δij is the Kronecker delta function, therefore

⟨ei, y⟩ = y(i) = 0,
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which implies y = 0, therefore T is injective.
To prove T is surjective, let f ∈ (ℓp)∗, if f = 0, then by taking y = 0, we have

f = f0. For f ̸= 0, we de�ne yf as

yf (i) = f(ei).

We claim that yf ∈ ℓq and f = fyf
.

Indeed, for p = 1, q = ∞, for arbitrary n ∈ N,
|yf (n)| ≤ |f(en)| ≤ ∥f∥(ℓ1)∗ · ∥en∥1 = ∥f∥(ℓ1)∗ ,

therefore yf ∈ ℓ∞with ∥yf∥ℓ∞ ≤ ∥f∥(ℓ1)∗ . Moreover, by the de�nition, for arbitrary

x ∈ ℓ1,

f(x) = f

( ∞∑
i=1

x(i)ei

)
=

∞∑
i=1

x(i)f(ei) =

∞∑
i=1

x(i)yf (i) = ⟨x, yf ⟩,

which implies f = fyf
, and

|f(x)| ≤ |⟨x, yf ⟩| ≤ ∥x∥1∥yf∥∞,

implies ∥f∥(ℓ1)∗ ≤ ∥yf∥∞, therefore ∥yf∥∞ = ∥f∥(ℓ1)∗ .
For 1 < p, q < ∞, and arbitrary m ∈ N, we take

xm(n) =

{
|yf (n)|q−1sgn(yf ) , n ≤ m,

0 , n > m,

then xm ∈ ℓp, indeed,

∥xm∥p =

( ∞∑
n=1

|xm(n)|p
) 1

p

=

(
m∑

n=1

|yf (n)|q
) 1

p

< ∞.

Therefore on the one hand,

f(xm) = ⟨xm, yf ⟩ =
m∑

n=1

xm(n)yf (n) =

m∑
n=1

|yf (n)|q,

on the other hand,

|f(xm)| ≤ ∥f∥(ℓp)∗ · ∥xm∥p ≤ ∥f∥(ℓp)∗ · ∥yf∥
q
p
q ,

therefore by letting m goes to in�nity,

∥yf∥qq ≤ ∥f∥(ℓp)∗ · ∥yf∥
q
p
q ,

which implies
∥yf∥q ≤ ∥f∥(ℓp)∗ ,

therefore yf ∈ ℓq with ∥yf∥q ≤ ∥f∥(ℓp)∗ . Moreover, by the de�nition, for arbitrary
x ∈ ℓp,

f(x) = f

( ∞∑
i=1

x(i)ei

)
=

∞∑
i=1

x(i)f(ei) =

∞∑
i=1

x(i)yf (i) = ⟨x, yf ⟩,

which implies f = fyf
, and

|f(x)| ≤ |⟨x, yf ⟩| ≤ ∥x∥p∥yf∥q,
implies ∥f∥(ℓp)∗ ≤ ∥yf∥q, therefore ∥yf∥q = ∥f∥(ℓp)∗ . □
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